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Abstract
We study the energy levels of graphene magnetic circular quantum dot surrounded by an infinite
graphene sheet in the presence of an electrostatic potential. We solve Dirac equation to derive the
solutions of energy spectrum associated with different regions composing our system. Using the
continuum model and applying boundary conditions at the interface, we obtain analytical results
for the energy levels. The dependence of the energy levels on the quantum dot radius, magnetic
field and electrostatic potential is analyzed for the two valleys K and K ′. We show that the energy
levels exhibit characteristics of interface states and have an energy gap.
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I Introduction
Graphene has been the subject of massive research throughout the world since the first experiments
in 2004 [1, 2] because of its unique electronic properties that could be important for nanoelectronics
applications [3–5]. Graphene was prepared using several techniques, including silicon carbide surface
precipitation [6, 7], mechanical exfoliation from graphite and chemical vapor deposition growth on a
catalytic metal surfaces [8–10]. The electronic structure of graphene is well described elsewhere [11]
involving two nodal zero-gap points (K,K ′), called Dirac points, in the first Brillouin zone at which
the conduction and valence bands touch. That leads to a number of its unusual peculiar electronic
properties such as linear dispersion relation, gapless and so on [11–13].
Graphene quantum dots (QDs) are small graphene fragments, where electronic transport is con-
fined in all spatial dimensions. Excitons in graphene have an infinite Bohr diameter. Thus, graphene
fragments of any size will show quantum confinement effects. As a result, GQDs have a non-zero
bandgap and luminescence on excitation. This bandgap is tunable by modifying the size and sur-
face chemistry of the GQDs. After its discovery, researchers have attempted to confine electrons
in graphene-based QDs because of the wide range of new applications of QDs for example in, elec-
tronic circuits, photovoltaic systems [14], qubits [15] and gas detection [16]. Graphene as the basis of
these QDs could enable fast and flexible devices. In general, the ultra-relativistic nature of graphene
charge carriers has led researchers to wonder how they would react to confinement [17]. However,
it is precisely this particular property that prohibits the use of traditional manufacturing techniques
such as local electrostatic trigger to confine carriers. The Klein tunneling effect [18] allows electrons
to use hole states in the gated region to escape the QD. For instance, one has tried using magnetic
fields [19, 20], cutting the flake into small nanostructures [21, 22] or using the substrate to induce a
band gap [23]. However, magnetic fields bring along many difficulties in nano-sized systems [24]. The
question of confining Dirac Fermions in graphene QDs has resulted in many propositions. QDs made
from nanostructures are highly sensitive to the precise shape of the edge, which is hard to control [19].
We study the confinement of the charge carriers in a magnetic circular quantum dot in graphene
surrounded by an infinite graphene sheet. The corresponding band structures will be analyzed by
deriving the solutions of the energy spectrum. Subsequently, by applying the boundary condition at
the interface we obtain an equation describing the energy levels in terms of the physical parameters
characterizing our system. We numerically investigate the dependence of such energy levels on quan-
tum dot radius, magnetic field and electrostatic potential. In particular, we show that the energy
levels exhibit different symmetries and energy gap under various conditions. Indeed, we show that
the energy levels are degenerate in the case where the QD radius goes to zero (R −→ 0). However as
long as R increases we obtain two set of energies showing the symmetric and asymmetric behaviors.
In addition, under some conditions we show that the electron density can be modified by the presence
of electrostatic potential.
The present paper is organized as follows. In section 2, we solve Dirac equation to obtain the eigen-
spinors describing fermions in graphene magnetic quantum dot surrounded by an infinite graphene
sheet. These solutions will be used together with the continuity condition to determine the corre-
sponding energy levels. We numerically discuss the energy spectrum and the electron density under
various choices of the physical parameters in section 3. We conclude our results in the final section.
II Model and theory
We consider a graphene based quantum dot of radius R with magnetic circular geometry surrounded
from exterior with an infinite graphene sheet, schematically depicted in Figure 1. The dynamics
of carriers in the honeycomb lattice of covalent-bond carbon atoms of single layer graphene can be
described by the Hamiltonian
H = vF~σ ·
(
~p+ e ~A
)
+ U(r)I (1)
1
where vF = 10
6 m/s is the Fermi velocity, p = (px, py) is the two-dimensional momentum operator,
σ = (σx, σy) are Pauli spin matrices in the basis of the two sublattices of A and B atoms, U(r) is
an axially symmetric electrostatic potential applied to the system,
−→
A is the vector potential in the
symmetric gauge and I is the 2 × 2 identity matrix. We assume that the carriers are confined in a
circular area of radius R. Due to the circular symmetry we have [H,Jz] = 0 with Jz = −i~∂ϕ + ~σz/2
is the total angular momentum. This implies that the two component wavefunctions in the polar
coordinates (r, ϕ) take the form
Ψτ (r, ϕ) = eimϕ
(
ϕτA(r)
ie−iτϕϕτB(r)
)
(2)
where m = 0,±1,±2 · · · being the orbital angular momentum quantum number. The radial com-
ponents ϕτA and ϕ
τ
B express amplitude probabilities on the two carbon sublattices of graphene, the
quantum number τ = ±1 distinguishes the two valleys K and K ′.
R
B=0 
B≠0 
Figure 1 – (color online) Schematic diagram of graphene magnetic circular Quantum dot of radius R surrounded by an
infinite graphene sheet in the presence of perpendicular magnetic field B inside the quantum dot.
To discuss the localized-state solutions in the present system, we consider a circularly symmetric
QD subject to the following magnetic field
~B =
{
B~ez, r < R
0, r > R
(3)
and due to continuity, the corresponding vector potential reads
~A =
{
B
2r (r
2 −R2), r < R
0, r > R.
(4)
To go further in obtaining the solutions of the energy spectrum, one has to distinguish two different
cases. Indeed for r > R (absence of magnetic field) the Hamiltonian (1) reduces to the following
H =
(
U pi+
pi− U
)
(5)
where the momentum operators are given by
pi± = −i~vF e±iτϕ
(
∂
∂r
± τi
r
∂
∂ϕ
)
. (6)
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From the eigenvalue equation HΨτ> = EΨ
τ
> we obtain(
∂
∂ρ
+
mτ
ρ
)
ϕτA(ρ) = −(ε− u)ϕτB(ρ) (7)(
∂
∂ρ
+
mτ − 1
ρ
)
ϕτB(ρ) = (ε− u)ϕτA(ρ) (8)
where dimensionless units ρ = rR , ε =
E
~vF R and u =
U
~vF R have been introduced. Now injecting (7)
into (8) to get the second order differential equation for ϕτA(ρ)[
ρ2
∂2
∂ρ2
+ ρ
∂
∂ρ
+ a2ρ2 −m2
]
ϕτA(r) = 0 (9)
which has as one of its solutions the Bessel function of the first kind that is regular at the origin
ϕτA(ρ) = C
τ
>Jm(aρ) (10)
with a = ε − u and Cτ> is constant of normalization. The second component of eigenspinor can be
derived from (7) as
ϕτB(ρ) = −iCτ>e−iτϕJm−τ (aρ) (11)
Finally in region r > R, the eigenspinors have the form
Ψτ>(ρ, ϕ) = C
τ
>e
imϕ
(
Jm(aρ)
−ie−iτϕJm−τ (aρ)
)
. (12)
As far as the second region r < R is concerned, the magnetic field B forces the momentum operator
pi+ and pi− to take the forms
pi± = −i~vF e±iτϕ
(
∂
∂r
± τi
r
∂
∂ϕ
∓ iτ eBr
2~
)
(13)
in the symmetric gauge ~A = Br2 ~eϕ. Solving the equation HΨ
τ
< = EΨ
τ
< we get(
∂
∂ρ
+
mτ
ρ
+ τβρ
)
ϕτA(ρ) = −(ε− u)ϕτB(ρ) (14)(
∂
∂ρ
+
mτ − 1
ρ
− τβρ
)
ϕτB(ρ) = (ε− u)ϕτA(ρ) (15)
where β = eB2~R
2 is a dimensionless parameter. These can be combined to derive a second order
differential equation[
ρ2
∂2
∂ρ2
+ ρ
∂
∂ρ
+ k2±ρ
2 −m2 − 2β(m− τ) + (ε− u1)2ρ2 − β2ρ4
]
ϕτA(ρ) = 0 (16)
which can be solved by considering the following ansatz
ϕA(ρ) = ρ
|m|e−
ρ2β
2 χ(ρ2) (17)
yielding the confluent hypergeometric ordinary differential equation[
x
∂2
∂x2
+ (b− x) ∂
∂x
− a
]
χ(x) = 0 (18)
3
where we put x = βr2 and set the parameters
b = 1 + |m|, a = −(ε− u1)
2
4β
+
m− τ + |m|+ 1
2
. (19)
Consequently, the solution is
ϕA(ρ) = ρ
|m|e−
βρ2
2 Cτ<M˜
(
a, b, βρ2
)
(20)
Cτ< is constant of normalization and M˜(a, b, βρ
2) are the confluent hypergeometric functions [28]. The
second component can be extracted from (14) as
ϕB(ρ) = i
Cτ<ρ
|m|e−
βρ2
2 e−iτϕ
ε− u
[(
τm
ρ
+ βτρ
)
M˜
(
a, b, βρ2
)− aM˜ (a+ 1, b+ 1, βρ2)] . (21)
Combining all, we end up with the eigenspinors in the magnetic region r < R
Ψτ<(ρ, ϕ) = C
τ
<ρ
|m|e−
βρ2
2 eimϕ
(
M˜
(
a, b, βρ2
)
ie−iτϕ
ε−u
[(
τm
ρ + βτρ
)
M˜(a, b, βρ2)− aM˜ (a+ 1, b+ 1, βρ2)]
)
. (22)
Now we look for the energy levels of our system that cannot be obtained directly solving the
eigenvalue equation. Nevertheless, we can still apply the boundary condition at the interface ρ = 1 or
r = R, namely Ψτ>(1) = Ψ
τ
<(1). This operation yields
Cτ>Jm(a) = C
τ
<e
−β
2 M˜(a, b, β) (23)
Cτ>Jm−τ (a) = −Cτ<
e−
β
2
ε− u
[
(τm+ βτ) M˜(a, b, β)− aM˜(a+ 1, b+ 1, β)
]
(24)
which can be cast in matrix form as
M τ
(
Cτ>
Cτ<
)
= 0 (25)
such that the matrix is given by
M τ =
 Jm(a) −e−β2 M˜(a, b, β)
Jm−τ (a) e
−β2
ε−u
[
(τm+ βτ) M˜(a, b, β)− aM˜(a+ 1, b+ 1, β)
]  . (26)
The only allowed energy levels are given by detM τ = 0, which leads to the following eigenvalue
equation
Jm(a)
e−
β
2
ε− u
[
(τm+ βτ) M˜(a, b, β)− aM˜(a+ 1, b+ 1, β)
]
+ Jm−τ (a) e−
β
2 M˜(a, b, β). (27)
Recall that the energy levels are embedded in the parameter a = ε − u. This equation will be
numerically solved to extract the energy levels, which will then allow us to study the basic properties of
our system. In fact, we will discuss such levels under various configurations of the physical parameters
such as the quantum dot radius R, magnetic field B and electrostatic potential.
III Numerical results
In Figure 2, we show the energy levels as function of the quantum dot radius R for b = 10 T and three
different values of angular quantum number such that (a): m = −1, (b): m = 0, (c): m = 1 with
U = 0 meV and (d): m = −1, (e): m = 0, (f): m = 1 with U = 100 meV. Note that, full and dashed
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lines are describing energy associated with the two valleys K (τ = 1) and K ′ (τ = −1), respectively.
We observe that when R −→ 0, the energies of K (τ = 1) and K ′(τ = −1) are degenerate for all τ ,
which means that E(m, τ) = E(m,−τ). However when R increases, two sets of energy levels appear,
one shows the symmetry E(m, τ) = E(m,−τ) and approaches the Landau levels (LLs) corresponding
to graphene QD [21], the other one shows a lack of symmetry E(m, τ) 6= E(m,−τ). It is clearly seen
that an energy gap is opened for a non zero angular momentum m as shown in Figures 2(a,c,d,f) and
there is a zero energy for m = 0 as in Figures 2(b,e). On the other hand, the influence of potential U
makes it possible to move the energy levels vertically by U , namely we have E(m, τ, U) = E(m, τ)+U .
The energy levels as function of the magnetic field is presented in Figure 3 for R = 70nm, (a):
m = −1, (b): m = 0, (c): m = 1 with U = 0 meV and (d): m = −1, (e): m = 0, (f): m = 1
with U = 100 meV. For small magnetic field (B −→ 0), we observe that the energy levels display a
continuum energy band and also there are many degenerate zero-energy states corresponding to all
angular momenta m for both K and K ′, i.e. E(m, τ) = E(m,−τ) [21]. Now by increasing B, one
notices that the degeneracy of the energy levels is lifted and then we have E(m, τ) 6= E(m,−τ), which
finally connects to the LLs of graphene subject to magnetic field [27]
Enm − U = ±~vFR−1
√
2β(2n+m+ |m|+ 1− τ), n = 0, 1, 2, · · · (28)
which can be derived from the relation between Laguerre and M functions under suitable conditions,
more detail can be found in [29]. There are some other features, e.g. for B 6= 0 an energy gap
appears between the conduction and valence bands, which is quantum number m dependent. The
behavior of the potential on the electronic properties of the energy levels for K and K ′ shows that
E(m, τ, U) = E(m, τ) + U is qualitatively similar to the behavior seen in Figure 2.
Figure 2 – (color online) Energy levels as function of the dot radius R for B = 10 T. (a): m = −1, (b): m = 0, (c): m = 1
with U = 0 meV. (d): m = −1, (e): m = 0, (f): m = 1 with U = 100 meV. τ = 1 for blue line and τ = −1 for red dashed
line.
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Figure 3 – (color online) Energy levels as function of the magnetic field B with R = 70 nm. (a): m = −1, (b): m = 0,
(c): m = 1 for U = 0 meV. (d): m = −1, (e): m = 0, (f): m = 1 for U = 100 meV. Blue color for τ = 1 and red dashed
color for τ = −1.
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Figure 4 – (color online) Radial probability ρm(r) as a function of the QD radius r with U = 100 meV. (a): B = 0 T, (b):
B = 0.5 T, for τ = ±1 and E = 0.1 eV. Total angular quantum number m = −1 (green), m = 0 (back) and m = 1 (red) .
The radial probability ρm(r) as a function of the QD radius r are shown in Figure 4, for U = 100
meV, with E = 0.1 eV, total angular quantum number m = −1 (green), m = 0 (back) and m = 1
(red). In the absence of the magnetic field (Figure 4(a)), for m = 0 (black) and m = 1 (red), we
clearly see that the maxima of the radial probability ρm(r) close to r = 0. This maximum corresponds
to the electron state strongly trapped in the quantum dot, but with the increase of r, ρm(r) tends to
0. On the other hand, for m = −1, we have zero radial probability in the vicinity of r = 0, however
when r increases ρm(r) increases to a maximum value around the point r = 0.2 and after that it has a
damped oscillatory behavior. For a non-zero magnetic field Figure 4(b)), the radial probability ρm(r)
starts its behavior with a maximum value at point from r = 0.15 for each value of m. Note that for
6
m = 0 and m = −1, the probability decreases with the increase of r, in particular we have ρm(r) = 0
from r = 0.35. For m = 0, the radial probability has an approximately oscillatory dependence damped
particularly for large r.
In Figure 5, we show the energy levels as function of the confining potential U for R = 70 nm and
B = 10 T with (a): m = −1, (b): m = 0, (c): m = 1. We observe that they have a linear form and are
twofold degenerate due to the symmetry E(m, τ) = E(−m,−τ) for m 6= 0 and E(m, τ) = E(m,−τ)
for m = 0. It is clearly seen that an energy gap is opened for all value of m between conduction and
valance bands.
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Figure 5 – (color online) Energy levels as function of the potential U with B = 10 T. (a): m = −1, (b): m = 0, (c):
m = 1 for R = 70 nm. Blue color for τ = 1 and red dashed color for τ = −1.
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Figure 6 – (color online) Eigenenergy spectra Enm, given in (28), as function of angular momentum m with B = 10 T for
Landau levels n = 0, · · · , 4. (a): U = 0 meV, (c): U = 20 meV for τ = −1, (b): U = 0 meV, (d): U = 20 meV for τ = 1.
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The resulting eigenenergies Enm (28) are plotted in Figure 6 for U = 0 in panels (a,b) and U = 20
meV in panels (c,d) with Landau levels n = 0, · · · 4. It is noticed that the two valleys are non degen-
erate in the eigenenergy spectra Enm(τ) 6= Enm(−τ). The eigenenergies exhibit asymmetric behavior
with respect to the sign of the quantum number m i.e. Enm(m, τ) 6= Enm(−m, τ). For the valley K the
energy spectrum Enm(τ = 1) has a zero gap, but for the valley K
′ the energy spectrum Enm(τ = −1)
has a non-zero gap. It is clearly seen that the existence of the potential U allows to move the energy
levels vertically as shown in panels (c,d). For larger |m|, larger gap are observed between valance and
conduction bands for the two valleys τ = ±1.
(a) ψ00 2
U=0 meV
ψ0-1 2(b)
U=0 meV
ψ01 2(c)
U=0 meV
ψ00 2(d)
U=100 meV
ψ0-1 2(e)
U=100 meV
ψ01 2(f)
U=100 meV
(g) ψ10 2
U=0 meV
(h) ψ20 2
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Figure 7 – (color online) Spatial density |ψnm|2 in the vicinity of the dot for (a): (n = 0, m = 0), (b): (n = 0, m = −1),
(c): (n = 0, m = 1), (g): (n = 1, m = 0), (h): (n = 2, m = 0), (i): (n = 3, m = 0) for U = 0 meV. (d): (n = 0, m = 0),
(e): (n = 0, m = −1), (f): (n = 0, m = 1), (j): (n = 1, m = 0), (k): (n = 2, m = 0), (l): (n = 3, m = 0) for U = 100
meV. In all panels B = 10 T, R = 70 nm.
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Figure 7 shows the electron density |ψnm|2 of the charge carriers in graphene magnetic quantum
dot of radius R = 70 nm and subjects to the field B = 10 T for the potential U = 0 mev and U = 100
meV, with some selected values of the quantum numbers n and m. We observe that the electron
density for m = 0 and n = 0 exhibits a maximum at the center of QD in panels (a,d), while in panels
(g,h,i,j,k,l) for m = 0 and n = 1, 2, 3 a minimum is observed at the center of the QD. Note that the
low contribution of the other modes of the point leads to the slight asymmetry of the electron density.
To analyze the effect of the potential U on |ψnm|2, we presents panels (g,h,i,j,k) for a given value
U = 100 meV. Indeed, by comparison we notice that for U = 0 meV the density is substantial at
the center as shown in panels (b,c) but for U = 100 meV it has a minima in the center of QD see
panels (e,f). Also the density |ψn0|2 possesses different behaviors in the absence (panels (g,h,i)) and
presence (panels (j,k,l)) of the potential. It is clearly seen that |ψ00|2 has the same behavior with and
without the potential U . The interesting result is that the electron density inside the quantum dot is
dramatically increased, which is a sign of temporary particle trapping.
IV Conclusion
We have studied the confinement of charge carriers in a graphene quantum dot submitted to perpen-
dicular magnetic field and electrostatic potential. Solving the two-band DiracWeyl Hamiltonian, in
the vicinity of both K and K ′ valleys, we have obtained analytically the eigenspinors. The bound-
ary conditions were used to obtain an equation describing the energy levels in terms of the physical
parameters characterizing our quantum dot.
We have discussed our results numerically for various choices of the physical parameters. Indeed,
the dependence of spectrum on radius R of the QD has been investigated and shown that the energy
spectrum has the asymmetry E(m, τ) = E(m,−τ) for all the values of τ when limit R −→ 0 is satisfied.
As long asR increases, two sets of energy levels appear, one satisfies the symmetry E(m, τ) = E(m,−τ)
and the other is not symmetric E(m, τ) 6= E(m,−τ). An energy gap for m 6= 0 and at zero energy
for m = 0 has been obtained. As far as the magnetic field dependence is concerned, we have shown
that the degeneracy of the valley exists when the magnetic field B −→ 0. By increasing B, we have
seen that the spectrum exhibits anti-crossings and the levels merge at the Landau levels for monolayer
graphene, which indicates that the carriers become strongly localized at the center of the graphene
magnetic quantum dot. Furthermore the influence of the electrostatic potential U makes it possible to
shift the energy levels vertically by U , such that E(m, τ,B, U) = E(m,B, τ) +U . Finally, we we have
shown that for some values of the quantum number n and m, the electron density in QD is strongly
increased, which indicates a temporary electron trapping.
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